We briefly discuss the transcendental constants generated through the ε expansion of generalized hypergeometric functions and their interrelation with the "sixth root of unity."
1.
After the appearance of the proof of the theorem concerning the calculability of 4-loop renormalization group (RG) functions in the framework of dimensional regularization [1] in arbitrary renormalizable models in terms of ζ functions [2] and the explicit evaluation of some 4-and 5-loop RG functions [3] , quite intriguing results were derived by Broadhurst [4] , who had observed the appearance of non-zeta terms in the higher-order terms of the ε expansion of the two-loop massless propagator diagram. Later, this observation was clearly explained in the framework of the knot approach to Feynman diagrams [5] , and all new transcendentals were parametrized in terms of multiple zeta values: ζ s = n1>n2>...>n k >0 k j=1 1 n s j j . This result was extended to the case of the 2-loop massless propagator diagram in [6] and was recently fully analyzed in [7] . In particular, it was shown that the ε expansions of 4-loop non-planar massless diagrams may generate transcendentals expressible in terms of multiple polylogarithms of the "sixth root of unity." All recent results for the first few coefficients of the ε expansions of massless propagator diagrams [8] are in full agreement with this theorem. Let us recall that the appearance in Feynman diagrams of transcendental constants related to the "sixth root of unity"
, where p j ∈ {0, 1, · · · , 5}, were predicted by Broadhurst in [9] in the context of the study of the finite parts of massive three-loop bubble diagrams. The lowestweight Broadhurst bases include the following elements:
, where i, j, k are integers (in [9] only constants up to weight 3 were presented). Based on the existing partial results [10] , the authors of [11] pointed out that, in real physical diagrams with two massive cuts only, the modified set of transcendental constants differ as follows: (i) the factor
should be present (for example, π, ln 2, ln 3 of [9] should be π √ 3
, ln 3 as in [11] ); (ii) all elements are generated by values of Li a (exp{iθ k }) and S a,b (exp{iθ k }), where
and Li a (z) and S a,b (z) are the classical and Nielsen polylogarithms, respectively; (iii) the additional statement that these constants should form an algebra. This construction is in full agreement with the all-order ε expansions of the Feynman diagrams considered in [12] . In [13] , this set of constants was extended up to weight 5, and it was shown that new transcendentals are generated (χ 5 in the notation of [13] ) which are not expressible in terms of Nielsen polylogarithms. Furthermore, the appearance of the factor
only receives a strong explanation in [14, 15, 16] . This factor comes from (i) the evaluation of a special type of multiple sums and/or (ii) the structures of the coefficients of the all-order ε expansions of basic hypergeometric functions. In fact, we have
The structures of other types of sums and/or hypergeometric functions were discussed in [16, 17, 18] . reads:
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where F is the hypergeometric function P F P −1 , R, K and L are integers with 0
andΦ k+1 (y) are linear combinations of multiple polylogarithms of the square root of unity [19] of weight k,
Here, c s,k are numerical coefficients, s = (
are the square roots of unity, j + s 1 + · · · + s n = k, and we have used the definition:
The r.h.s. of Eq. (4) corresponds to the RemiddiVermaseren functions [20] . The differentialreduction algorithm [15, 21, 22] allows us to write the expansions for arbitrary values of parameters, as
where Q(z), R i (z) and S i (z) are polynomials and I i , K i and L are integers. For two-cut diagrams with massive lines, the on-mass-shell case corresponds to z = 1/4, so that y = exp(±iπ/3), −y = exp(∓i2π/3) and
, and the ε expansions of Eqs. (3) and (3) have the structures
, respectively, where Φ j (z) andΦ j (z) are defined by Eq. (4), and θ k by Eq. (1).
2. From the all-order ε expansions of the hypergeometric functions constructed in [16] , the following set of constants are generated at weight k: (i) The Remiddi-Vermaseren functions evaluated with arguments θ k defined by Eq. (1),
This is a subset of the "sixth root of unity" [9] , which, up to weight 4, agrees with [11] and, at weight 5, with [13] .
(ii) The product of RemiddiVermaseren functions, with arguments θ k defined by Eq. (1), multiplied by i/ √ 3,
Up to weights 4 and 5, these results agree with [11] and [13] , respectively. This explains the mysterious generation of the factor 1/ √ 3. The product of hypergeometric functions can be understood as the product of low-loop master integrals (the 2-loop propagator diagram may generate the product of two 1-loop self-energies). The appearance of diagrams of this type gives rise exactly to the product of two basis elements described in [11] .
For practical applications in the PSLQ analysis [23] , it is desirable to have a minimal set of constants corresponding to Eqs. (6) and (7). Their special subclass, Euler-Zagier sums, was analyzed in [24] . For the other constants, the solution is not unique, since the commonly accepted parametrizations of the real and imagi-nary parts of the Remiddi-Vermaseren functions 2 with argument z = exp(iφ) do not exist. For example, starting from weight 3, the inverse binomial sums,
1 j c , can be written (for details, see [13, 26, 27, 28] ) in terms of either Dirichlet's L series, the derivatives of Ψ functions, generalized log-sin functions [28] , Nielsen polylogarithms [26, 13] or generalized polylogarithms. Let us recall that the classical polylogarithms with these arguments produce the Clausen functions Cl j (θ) [29] , while the Nielsen polylogarithms produce the generalized log-sine functions Ls (k) a (θ) only [13, 26, 29, 30, 31] . For the parametrizations of Remiddi-Vermaseren functions with complex unit, Lsc a,b (θ) and LsLsc a,b,c (θ) functions were introduced in [14, 30, 32] . 3. The ε expansions of hypergeometric functions entering the r.h.s. of Eqs. (3) and (3) may be written in terms of multiple inverse binomial sums [13, 14, 26, 28] 
Here, all rational factors coming from the series expansion of the exponent are equal to 1. For the hypergeometric functions of Eq. (3), we have
2 For numerical evaluations of Remiddi-Vermaseren functions, some of the existing programs [25] may be used.
where c r are rational numbers, Ω (K) r are products of the harmonic sums S a and Λ b , namely (10) and ω (K) r belong to sets of transcendental constants, namely
At weight 5, there are 10 independent terms:
where Ls (k) j (θ) are generalized log-sine functions defined as
and C 3 , C 4 , C 5 and D 1 are combinations of generalized log-sine functions, namely 
We wish to mention that the combinations C 3 , C 4 and C 5 completely coincide with appropriate terms of the ε expansions of the Gauss hypergeometric functions considered in [12] , and the generating function for these combinations is
so that C 1 = 0 and C 2 = 2Ls 2 π 3 . For the hypergeometric functions of Eq. (3), the ε expansions have the form
where r is a positive integer, C s is a rational number and σ
belong to sets of transcendental constants, namely
At weight 5, there are only 6 independent constants, namely 
where χ 5 is defined as 13, 30] .
For illustration, we present here the analytical results for all sums of weight 5: 
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